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bstract
In the present paper, we introduce the notion of k-hyperideals on ordered semihyperrings. Then, we investigate some fundamental
roperties of k-hyperideals of ordered semihyperrings. Indeed, we define (m, n)-hyperideals and (m, n)-bi-hyperideals in ordered
emihyperrings and investigate some of their related properties. Moreover, we introduce and analyze the notion of prime (m,
)-bi-hyperideal of an ordered semihyperring.
 2016 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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.  Introduction  and  prerequisites
The notion of quasi-ideals was introduced by Stein-
eld for rings [1] and semigroups [2] as a generalization
f the one-sided ideals. A short review of the theory
f quasi-ideals appears in [3]. Good and Hughes [4]
ntroduced the notion of bi-ideals of semigroups. Quasi-
deals are a particular case of bi-ideals. Lajos [5,6]
ntroduced and studied the notion of (m, n)-ideals of
emigroups as a generalization of bi-ideals. Ansari et al.Please cite this article in press as: S. Omidi, B. Davvaz. Contributi
perrings, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtu
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eer review under responsibility of Taibah University.
ttp://dx.doi.org/10.1016/j.jtusci.2016.09.001
658-3655 © 2016 The Authors. Production and hosting by Elsevier B.V. on 
C BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).deal; Prime (m, n)-bi-hyperideal
[7] worked on (m, n)-quasi-ideals of semigroups. Shabir
and Kanwal [8] studied prime bi-ideals of semigroups.
In [9], Sanborisoot and Changphas introduced the notion
of (m, n)-ideals in ordered semigroups.
The notion of semirings introduced by Vandiver [10]
in 1934, which is a generalization of rings. Semirings
are very useful for solving problems in graph theory,
automata theory, coding theory, analysis of computer
programs, and so on. We refer to [11] for the information
we need concerning semiring theory. In 1992, Sen and
Adhikari [12] studied k-ideals in semirings. In [13,14],
quasi-ideals of semirings are studied and some proper-
ties and related results are given. To see more about (m,
n)-quasi-ideals in semirings, we refer the reader to [15].
In 2011, Gan and Jiang [16] considered and proved some
theorems on ideals in ordered semirings. An orderedon to study special kinds of hyperideals in ordered semihy-
sci.2016.09.001
behalf of Taibah University. This is an open access article under the
semiring is a semiring (R, + , ·) together with a partial
order relation ≤  on R  satisfying the following conditions
for all a, b, c  ∈ R: (1) If a  ≤  b  then a + c  ≤  b + c; (2) If
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a  ≤  b and 0 ≤ c, then a  ·  c  ≤  b  · c and c ·  a  ≤  c  ·  b. It is easy
to see that if 0 ≤  a  and 0 ≤  b, then 0 = 0 · b  ≤  a  · b.
Hyperstructure theory was first initiated by Marty
[17], in 1934 at the 8th Congress of Scandinavian
Mathematicians. A short review of the theory of hyper-
structures appears in [18–20]. In [21], Davvaz et al.
introduced examples of hyperstructures associated with
chemistry. Another motivation for the study of hyper-
structures comes from physical phenomenon as the
nuclear fission. This motivation and the results were
presented by Hosˇková, Chvalina and Racˇková (see
[22]) and Davvaz et al. [23]. Many authors used to
focus their research on ordered semihypergroups. Hei-
dari and Davvaz [24] introduced the concept of ordered
semihypergroups, which is a generalization of ordered
semigroups. Davvaz et al. [25] investigated the prop-
erties of ordered semigroups derived from ordered
semihypergroups. Changphas and Davvaz [26] worked
on hyperideals of ordered semihypergroups. An alge-
braic hyperstructure (H, ◦  , ≤) is called an ordered
semihypergroup  [24] if (H, ◦) is a semihypergroup and
(H, ≤) is a partially ordered set such that for any x, y,
z ∈  H, x  ≤  y  implies z ◦  x  ≤ z ◦ y  and x ◦  z  ≤  y  ◦ z. Here,
if A  and B  are two non-empty subsets of H, then we say
that A  ≤  B  if for every a ∈  A  there exists b ∈  B  such that
a ≤  b.
Hyperrings are essentially rings, with approximately
modified axioms in which addition is a hyperoperation.
An exhaustive review updated to 2007 of hyperring the-
ory appears in [19]. Several kinds of hyperrings are
introduced and analyzed. Some properties of hyperide-
als in ordered Krasner hyperrings can be found in [27].
Davvaz [28] and Vougiouklis [29] established the gen-
eral notion of semihyperring where both the addition and
multiplication are hyperoperation. We invite the readers
to [30] to see more about the ordered semihyperrings.
For the definitions of subsemihyperring and (left, right)
hyperideal of a semihyperring, we refer to Section 2 of
the paper [30] by Davvaz and Omidi.
Deﬁnition 1.1.  A semihyperring  is an algebraic hyper-
sructure (R, + , ·) which satisfies the following axioms:
(1) (R, +) is a commutative semihypergroup;
(2) (R, ·) is a semihypergroup;
(3) x  · (y  + z) = x  · y + x ·  z  and (x  + y) ·  z  = x  · z  + y ·  z  for all
x, y, z  ∈  R.Please cite this article in press as: S. Omidi, B. Davvaz. Contributi
perrings, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtu
Let (R, + , ·) be a semihyperring. If there exists an element
0 ∈  R  such that x  + 0 =0 + x  = {x}  and x  · 0 =0 ·  x = {0}
for all x ∈  R; then 0 is called the zero element of R. PRESS
ersity for Science xxx (2016) xxx–xxx
Throughout this paper we consider a semihyperring
(R, + , ·) with zero element 0.
The aim of this paper is twofold: On the one hand,
we intend to study the nonion of k-hyperideals and k-
hyperideals of type 1 in ordered semihyperrings. On the
other hand, we will focus on some properties of (m, n)-
hyperideals and prime (m, n)-bi-hyperideals in ordered
semihyperrings.
2.  k-Hyperideals  of  ordered  semihyperrings
We begin this section with the following definition.
Deﬁnition  2.1.  An ordered  semihyperring  (R, + , · , ≤)
is a semihyperring equipped with a partial order relation
≤ such that
(1) a + c  ≤  b  + c whenever a, b, c  ∈ R  and a  ≤ b;
(2) a ·  c  ≤  b  · c and c ·  a ≤  c  ·  b  whenever a, b, c ∈  R,
0 ≤  c, and a  ≤ b.
Here, A  ≤  B  means that for any a  ∈  A, there exists b  ∈  B
such that a ≤  b, for all non-empty subsets A  and B of S.
Remark 1.  An ordered semihyperring R is positive  if
0 ≤  x  for each x  ∈ R.
If we remove the restriction 0 ≤  c from (2), then
Definition 2.1 is equivalent to positive ordered semihy-
perring.
Example 1. Suppose that R  = {0, a, b, c}. We con-
sider the ordered semihyperring (R, ⊕ ,   , ≤), where
the operations ⊕  and   are defined by the following
tables:
⊕ 0 a b c
0 0 a b c
a a a a a
b b a b c
c c a c c
 0 a b c
0 0 0 0 0
a 0 a a a
b 0 b b bon to study special kinds of hyperideals in ordered semihy-
sci.2016.09.001
and the order ≤  is defined by:
≤:=  {(0,  0),  (a,  a),  (b,  b),  (c,  c),  (b,  a),  (c,  a)}
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he covering relation and the figure of R  are given by:
≺=  {(b,  a),  (c,  a)}.
We see that (R, ⊕  ,   , ≤) is not a positive ordered
emihyperring.
Semihyperrings are viewed as ordered semihyper-
ings under the equality order relation. Indeed: Let
R, + , ·) be a semihyperring. Define the order on R  by
 : = {(a, b) |  a = b}. Then (R, + , · , ≤) is an ordered
emihyperring. A homomorphism  of ordered semihyper-
ings ϕ  : (R, + , · , ≤) →  (T, ⊕  ,   , 
) is a semihyperring
omomorphism such that for all a, b ∈  R, a  ≤  b implies
(a) 
 ϕ(b).
xample  2.  Let N0 =  N  ∪  {0}, where N  is the set of
atural numbers. Consider the semiring (N0,  +,  · ) with
espect to usual addition and multiplication. Define the
yperaddition ⊕  and hypermultiplication   as follows:
 ⊕  y  =  {x,  y}  and x   y =  {xy,  kxy},
where k  ∈  N0.
We define ≤  the natural ordering on N0, then
N0,  ⊕,  ,  ≤) forms an ordered semihyperring.
Let K  be a non-empty subset of an ordered semihy-
erring (R, + , · , ≤). We define
K] :=  {x  ∈  R  | x  ≤  k  for some k  ∈  K}.
For K  = {k}, we write (k] instead of ({k}]. If A  and B
re non-empty subsets of R, then we have
1) A  ⊆  (A];
2) (A] · (B] ⊆  (A  · B];
3) If A  ⊆  B, then (A] ⊆  (B].
eﬁnition  2.2.  Let (R, + , · , ≤) be an ordered semi-
yperring. A non-empty subset I  of R  is called a left
resp. right) hyperideal  of R  if it satisfies the following
onditions:Please cite this article in press as: S. Omidi, B. Davvaz. Contributi
perrings, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtu
1) (I, +) is a semihypergroup;
2) R  · I  ⊆  I  (resp. I  · R  ⊆  I);
3) I  = (I], that is, for any x  ∈  I  and y  ∈  R, y  ≤  x  implies
y ∈  I. PRESS
ersity for Science xxx (2016) xxx–xxx 3
If I  is both a left and a right hyperideal of R, then I is
called a two-sided  hyperideal, or simply a hyperideal  of
R. A left (resp. right, two-sided) hyperideal I  of R is said
to be proper  if I  /=  R.
The rest of this section is devoted for the study of
k-hyperideals in ordered semihyperrings. Characteriza-
tions of k-ideals of a semiring were discussed by Sen
and Adhikari in [12,31]. A k-ideal  I  of a semiring R
is an ideal such that if a, a  + x  ∈  I, then x  ∈  I. Ameri
and Hedayati [32,33] studied k-hyperideals in semihy-
perrings, where they have considered only the addition
as hyperoperation. Closure of k-hyperideals in semihy-
perrings was introduced and studied by Hedayati [34]. In
the following, we introduce the notion of k-hyperideals
of ordered semihyperrings, and then some related results
are obtained.
Deﬁnition  2.3.  Let (R, + , ·  , ≤) be an ordered semi-
hyperring. A non-empty subset I  of R is called a left
k-hyperideal of R, if I  is a left hyperideal of R  and for any
a ∈  I and x  ∈ R, from a + x  ≈  I  it follows x  ∈  I, where
we say that A  ≈  B  if A∩  B  /=  ∅. A right k-hyperideal is
defined similarly. If a hyperideal I is both left and right
k-hyperideal, then I  is known as a k-hyperideal  of R.
Example 3.  Let R  = {0, a, b, c}  be a set with the hyper-
addition ⊕  and the multiplication  defined as follows:
⊕ 0 a b c
0 0 a b c
a a {a, b} b c
b b b {0, b} c
c c c c {0, c}
 0 a b c
0 0 0 0 0
a 0 a a a
b 0 b b b
c 0 c c c
Then, (R, ⊕  , ) is a semihyperring. We have (R,
⊕ ,   , ≤) is an ordered semihyperring where the order
relation ≤  is defined by:
≤:=  {(0,  0),  (a,  a),  (b,  b),  (c,  c),  (0,  a),  (0,  b),  (0,  c),
(a, b),  (a,  c),  (b,  c)}.on to study special kinds of hyperideals in ordered semihy-
sci.2016.09.001
The covering relation and the figure of R  are given by:
≺=  {(0,  a),  (a,  b),  (b,  c)}.
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It is not difficult to see that {0, a, b}  is a right k-
hyperideal of R.
Obviously, every k-hyperideal of an ordered semihy-
perring R  is a hyperideal of R. The converse is not true,
in general, that is, a hyperideal may not be a k-hyperideal
as the following example shows.
Example  4.  Let R  = {0, a, b, c}  be a set with two
hyperoperations ⊕  and   as follows:
⊕ 0 a b c
0 0 a b c
a a a a a
b b a {0, b} {0, b, c}
c c a {0, b, c} {0, c}
 0 a b c
0 0 0 0 0
a 0 a {0, b} 0
b 0 0 0 0
c 0 {0, c} 0 0
Then, (R, ⊕  , ) is a semihyperring [35]. We have (R,
⊕ ,   , ≤) is an ordered semihyperring where the order
relation ≤  is defined by:
≤:=  {(0,  0),  (a,  a),  (b,  b),  (c,  c),  (0,  a),  (0,  b),  (0,  c),
(b, a),  (c,  a)}.
The covering relation and the figure of R  are given by:
≺=  {(0,  b),  (0,  c),  (b,  a),  (c,  a)}.Please cite this article in press as: S. Omidi, B. Davvaz. Contributi
perrings, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtu
It is easy to see that {0, b}  is a hyperideal of R, but it
is not a k-hyperideal of R. Indeed: PRESS
ersity for Science xxx (2016) xxx–xxx
b  ⊕  c = {0, b, c}  ≈  {0, b}  and b  ∈  {0, b}  but c  /∈  {0,
b}.
We continue this section with the following theorems.
Theorem 2.4.  Let  (R, + , · , ≤) be  an  ordered  semihy-
perring. If  I  is a hyperideal  of  R  such  that  I  = A  ∪  B  where
A, B  are  two  k-hyperideals  of  R,  then  I  = A or  I  = B.
Proof. Since I  = A  ∪  B, it follows that A  ⊆ I  or B  ⊆  I.
If I  /=  A and I  /=  B, then there exist a, b  ∈  I  such that
a ∈  A, a  /∈  B, b ∈  B, b /∈  A. Since I is a hyperideal of R,
it follows that a  + b ⊆ I  = A ∪  B. So, we have a + b  ≈  A or
a + b  ≈  B. Since A, B  are two k-hyperideal of R, we obtain
b ∈  A  or a  ∈  B, contradiction. Hence I  = A or I  = B. 
Theorem 2.5.  Let  (R, + , · , ≤) be  an  ordered  semihy-
perring and  {Ik |  k  ∈  }  be  a  family  of  k-hyperideals  of
R. Then
⋂
k ∈ Ik is  a  k-hyperideal  of  R.
Proof.  According to Lemma 3.7 in [30], ⋂k ∈ Ik
is a hyperideal of R. Now, we show that
⋂
k ∈ Ik is
a k-hyperideal of R. Suppose that a ∈ ⋂ k ∈ Ik and
a + r ≈⋂ k ∈ Ik, where r  ∈  R. Then a  + r ≈  Ik for all
k ∈ . Since each Ik is a k-hyperideal of R, we have
r ∈  Ik for all k ∈  . So, we have r  ∈
⋂
k ∈ Ik. 
Theorem 2.6.  Let  ϕ be  a homomorphism  from  an
ordered semihyperring  (R, + , · , ≤) into  a  positive
ordered semihyperring  (T, ⊕  ,   , 
).  Then,  kerϕ  = {x  ∈
R | ϕ(x) = 0}  is  a k-hyperideal  of  R.
Proof. According to Theorem 3.8 in [30], kerϕ  is a
hyperideal of R. Now, we show that kerϕ  is a k-hyperideal
of R. Suppose that a  ∈  kerϕ  and a  + r ≈ kerϕ, where r ∈
R. Then, there exists x  ∈ a  + r  such that x  ∈ kerϕ. Thus
we have ϕ(x) ∈  ϕ(a  + r) ⊆  ϕ(a) ⊕ ϕ(r) = 0 ⊕  ϕ(r) = ϕ(r).
Then ϕ(r) = ϕ(x) = 0 and hence r ∈  kerϕ. This completes
the proof. 
Theorem 2.7.  Let  ϕ be  a homomorphism  from  an
ordered semihyperring  (R, + , · , ≤) into  an  ordered  semi-
hyperring (T, ⊕  ,   , 
).  If  I  is  a k-hyperideal  of  T,  then
ϕ−1(I) = {a  ∈ R  | ϕ(a) ∈ I}  is  a k-hyperideal  of R.
Proof. According to Theorem 3.9 in [30], ϕ−1(I)
is a hyperideal of R. Now, we prove that ϕ−1(I)
is a k-hyperideal of R. Suppose that a  ∈  ϕ−1(I)
and a  + x  ≈  ϕ−1(I), where x ∈  R. Then ϕ(a) ∈ I,
ϕ(x) ∈  T  and ϕ(a  + x) ≈ ϕ(ϕ−1(I)) ⊆  I. Thus we have
ϕ(a + x) ⊆  ϕ(a) ⊕  ϕ(x) ≈  I. Since I  is a k-hyperideal of T,
we obtain ϕ(x) ∈  I. This implies that x ∈  ϕ−1(I). There-
fore, ϕ−1(I) is a k-hyperideal of R. on to study special kinds of hyperideals in ordered semihy-
sci.2016.09.001
Theorem 2.8.  Let  A, B  be  two  k-hyperideals  of  an
ordered semihyperring  (R, + , · , ≤).  Then,  A ∪  B is a
k-hyperideal of  R  if  and  only  if  A  ⊆  B  or  B  ⊆  A.
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roof.  If A  ⊆  B  or B  ⊆  A, then it is clear that A  ∪  B
s a k-hyperideal of R. Now, suppose that A  ∪  B  is a k-
yperideal of R  and A   B  and B   A. Then, there exist
, b  ∈  A  ∪  B  such that a  ∈  A  \  B  and b  ∈  B  \  A. Since
 ∪  B  is a hyperideal of R, it follows that a  + b  ⊆  A  ∪  B.
ow, one of two following cases happens:
ase  1.  a+ b ∩  A  /=  ∅. Since A  is a k-hyperideal of R,
we have b ∈  A  and this is a contradiction.
ase  2.  a+ b ∩  B  /=  ∅. Since B  is a k-hyperideal of R,
we have a  ∈  B  and this is a contradiction. This
completes the proof. 
emark  2.  Combining Theorem 2.8 with Theorem 2.4
e get:
A ∪  B  is k-hyperideal ⇔A  ∪  B  = A  or A  ∪ B  = B  ⇔
 ⊆  A  or A  ⊆  B.
heorem 2.9.  Suppose  {Ak | k  ∈  }  is  a family  of  k-
yperideals of  an  ordered  semihyperring  R  such  that
s ⊆  At or  At ⊆  As,  for  all  s, t  ∈  .  Then,
⋃
k ∈ Ak is
 k-hyperideals  of  R,  where  |  | ≥2.
roof.  We shall prove the theorem by induction on k,
here k ∈    and k  ≥  2. If k  = 2, then it is true by Theorem
.8. Suppose that the assertion is true for less than k.
e claim that
⋃k
n=1An is a k-hyperideal of R. Consider
 = ⋃k−1n=1An. Then
⋃k
n=1An =  A  ∪  Ak. By hypothesis,
 is a k-hyperideal of R. We show that A  ⊆  Ak or Ak ⊆  A.
y hypothesis, we can consider the following two cases:
ase 1.  Let As ⊆  Ak for any s  ∈  {1, 2, · · ·  , k −  1}, then
we have A  = ⋃k−1n=1An ⊆  Ak.
ase 2.  Let Ak ⊆  As for some s  ∈  {1, 2, · ·  · , k  −  1}.
Then we have Ak ⊆  As ⊆
⋃k−1
n=1An =  A. By
Theorem 2.8,
⋃k
n=1An =  A ∪  Ak is a k-
hyperideal of R. Thus, by induction, we
complete the proof.
Our main aim in the following is to study the notion
f a k-hyperideal of type 1 of ordered semihyperrings.
n the following, the concept of k-hyperideal of type
 of ordered semihyperrings is introduced and some
haracterizations of k-hyperideals of type 1 of ordered
emihyperrings are obtained.
eﬁnition  2.10.  Let (R, + , ·  , ≤) be an ordered semi-Please cite this article in press as: S. Omidi, B. Davvaz. Contributi
perrings, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtu
yperring. A non-empty subset I  of R  is called a left
-hyperideal of  type  1  of R, if I  is a left hyperideal of
 and for any a  ∈  I  and x ∈  R, from a + x  ⊆  I  it follows
 ∈  I. A right k-hyperideal of type 1 is defined similarly. PRESS
ersity for Science xxx (2016) xxx–xxx 5
If a hyperideal I  is both left and right k-hyperideal of
type 1, then I  is known as a k-hyperideal  of  type  1 of R.
Obviously, every k-hyperideal of an ordered semihy-
perring R is a k-hyperideal of type 1 of R. The converse
is not true, in general, that is, a k-hyperideal of type 1
may not be a k-hyperideal of R.
Example 5. Let (R, ⊕ ,   , ≤) be the ordered semihy-
perring defined as in Example 4. It is easy to see that
{0, b}  is a k-hyperideal of type 1 of R, but it is not a
k-hyperideal of R.
Theorem  2.11.  Let  (R, + , ·  , ≤) be  a positive  ordered
semihyperring.  If  I  is  a  k-hyperideal  of  type  1 of R and
A is  a  non-empty  subset  of  R,  then
(I  : A) =  {r  ∈  R  | r ·  a,  a  ·  r  ⊆  I for  all  a ∈  A}
is  a k-hyperideal  of  type  1  of  R.
Proof. Suppose I  is a k-hyperideal of type 1 of R, then
we have 0 ∈ I. Since 0 · a = 0 = a  ·  0 for all a  ∈ A, it fol-
lows that (I  : A) /=  ∅. Let x, y  ∈  (I  : A). Then x ·  a, y ·  a  ⊆  I
for all a ∈ A. Thus we have (x  + y) · a  = x  · a  + y  ·  a ⊆  I  for
all a ∈  A. So, we have x + y ⊆  (I  : A).
Now, suppose that x ∈  (I  : A) and r ∈  R.
Since x  · a ⊆  I  for all a  ∈ A, it follows that
(r ·  x) · a  = r · (x  · a) ⊆  R  · I  ⊆  I. So, we have r  · x ⊆  (I  : A).
In the similar way, we obtain x  · r  ⊆  (I  : A).
Let x  ∈  (I  : A), y ∈ R  and y  ≤  x. Then x  · a ⊆  I  for
all a ∈ A. Also, we have y  · a ≤  x ·  a  for all a  ∈  A, by
hypothesis. So, for any u  ∈  y ·  a, u  ≤  v  for some v ∈
x · a  ⊆  I. Since I  is a k-hyperideal of type 1 of R, it
follows that u  ∈ I. So, y ·  a  ⊆  I  for all a  ∈  A. Similarly,
a · y  ⊆  I  for all a  ∈  A. Thus we have y ∈  (I  : A). It shows
that (I  : A) is a hyperideal of R.
Finally, we prove that (I : A) is a k-hyperideal of type
1 of R. Suppose that x  ∈  (I  : A) and x  + z ⊆  (I  : A), where
z ∈  R. Then, x ·  a, a  ·  x ⊆  I  and (x  + z) ·  a  ⊆  I  for all a  ∈  A.
So, we have x  · a + z · a = (x  + z) ·  a  ⊆  I. Since I  is a k-
hyperideal of type 1 of R  and x ·  a ⊆  I, we have z  ·  a  ⊆  I.
Similarly, a  ·  z ⊆  I. This implies that z  ∈  (I  : A). There-
fore, (I : A) is a k-hyperideal of type 1 of R. 
Theorem 2.12.  Let  (R, + , ·  , ≤) be  a positive  ordered
semihyperring.  Then,
(1) If  I  is a left  k-hyperideal  of  type  1  of  R and  A is  a
left hyperideal  of  R,  then  (I  : A)l = {r  ∈  R | r  ·  a  ⊆  Ion to study special kinds of hyperideals in ordered semihy-
sci.2016.09.001
for all  a  ∈  A}  is  a  k-hyperideal  of  type  1  of  R.
(2) If  I  is  a right  k-hyperideal  of  type  1  of  R  and  A  is a
right hyperideal  of  R,  then  (I  : A)r = {r ∈  R |  a  · r  ⊆  I
for all  a  ∈  A}  is  a  k-hyperideal  of  type  1  of  R.
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Proof.  The proof is straightforward. 
Now, we present the definition of prime hyperideals
of ordered semihyperrings.
Deﬁnition  2.13.  A proper hyperideal P  of an ordered
semihyperring (R, + , ·  , ≤) is called a prime  hyperideal
of R  if for hyperideals A  and B  of R  satisfying A  · B  ⊆  P,
implies A  ⊆  P  or B  ⊆  P.
Example  6.  Let (R, ⊕  ,   , ≤) be the ordered semihy-
perring defined as in Example 4. It is easy to see that {0,
b, c}  is a prime hyperideal of R, but {0}, {0, b}  and {0,
c} are not prime hyperideals of R. Indeed:
{0,  b}    {0,  c}  =  {0}  but {0,  b}   {0}
and {0, c}   {0},
{0, c}    {0,  c}  =  {0}  ⊆  {0,  b}  but {0,  c}   {0,  b},
{0, b,  c}    {0,  b,  c}  =  {0}  ⊆  {0,  c}
but {0,  b,  c}   {0,  c}.
We continue this section with the following theorem.
Theorem 2.14.  Let  P  be  a  prime  hyperideal  of  a  pos-
itive ordered  semihyperring  (R, + , · , ≤).  Then,  the  set
(P : a) = {r  ∈  R  | r  · a, a ·  r  ⊆  P}  is  a  prime  hyperideal  of
R, for  any  a  ∈  R  \  P.
Proof.  Since 0 ∈  (P  : a), it follows that (P  : a) /=  ∅.
Let x, y  ∈  (P  : a). Then x  · a, a  · x ⊆  P  and y ·  a, a  · y  ⊆  P.
Thus we have (x  + y) · a  = x  · a  + y  · a  ⊆  P. Similarly,
a · (x  + y) ⊆  P. So, we have x  + y ⊆  (P  : a).
Now, let x  ∈  (P  : a) and r  ∈  R. Since x ·  a, a  ·  x  ⊆  P,
it follows that (r  ·  x) ·  a  = r  · (x  · a) ⊆  R  · P  ⊆  P. Similarly,
a · (x  · r) ⊆  P. So, we have r  · x, x  · r  ⊆  (P  : a).
Let x ∈  (P  : a), y ∈  R  and y ≤  x. Then x ·  a, a ·  x ⊆  P.
Also we have y  · a  ≤  x  · a, by hypothesis. So, for any
u ∈  y  · a, u  ≤  v  for some v  ∈  x  · a ⊆  P . Since P  is a
hyperideal of R, it follows that u  ∈  P. So, we have
y · a ⊆  P. Similarly, a  · y ⊆  P. Thus we have y  ∈  (P  : a).
Hence (P  : a) is a hyperideal of R.
Finally, we show that (P  : a) is a prime hyperideal. Let
A and B  be any hyperideals of R  such that AB  ⊆  (P  : a).
Then (A  B) · a, a  ·  (A  B) ⊆  P. Since P  is a hyperideal of
R, it follows that (P] = P. By Lemma 4.4 in [30], (A  a] is
a left hyperideal of R. Similarly, (B  a] is a left hyperideal
of R. We havePlease cite this article in press as: S. Omidi, B. Davvaz. Contributi
perrings, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtu
(Aa] ·  (Ba] ⊆  (A(aB)a] ⊆  ((AB)a] ⊆  (P] =  P.
Since P  is a prime hyperideal of R, it follows that (A
a] ⊆  P  or (B  a] ⊆  P. Thus A  a ⊆  P  or B  a ⊆  P. Similarly, PRESS
ersity for Science xxx (2016) xxx–xxx
a  A ⊆  P  or a B  ⊆  P. So, we have A ⊆  (P  : a) or B  ⊆  (P  : a).
Therefore, (P  : a) is a prime hyperideal of R. 
In 2010, Nanda Kumar [36] introduced the notion
of 2-prime ideals in semirings. In the following, we
introduce the notion of 2-prime (2-prime of type 1)
hyperideals in ordered semihyperrings.
Deﬁnition  2.15.  Let (R, + , · , ≤) be an ordered semi-
hyperring. A proper hyperideal P  of R  is called 2-prime
(2-prime of  type  1) if for k-hyperideals (k-hyperideals of
type 1) A and B  of R  satisfying A  · B  ⊆  P  implies A  ⊆  P  or
B ⊆  P. If R  is an ordered semihyperring and P is a proper
hyperideal of R, then P is 1-prime  (1-prime  of  type  1) if
A is a k-hyperideal (k-hyperideal of type 1) of R and B
is a hyperideal of R such that A  · B ⊆  P  implies A  ⊆  P  or
B ⊆  P.
Every prime hyperideal of an ordered semihyperring
R is a 2-prime hyperideal of R, but the converse need not
be true as the folloiwng example shows.
Example  7.  Let R  = {0, a, b, c}  be a set with two
hyperoperations ⊕  and   as follows:
⊕ 0 a b c
0 0 a b c
a a a {0, a, b} {0, a, c}
b b {0, a, b} {0, b} {0, b, c}
c c {0, a, c} {0, b, c} {0, c}
 0 a b c
0 0 0 0 0
a 0 0 0 0
b 0 0 0 {0, a}
c 0 0 {0, a} {0, b}
Then, (R, ⊕  , ) is a semihyperring [35]. We have (R,
⊕ ,   , ≤) is an ordered semihyperring where the order
relation ≤  is defined by:
≤:=  {(0,  0),  (a,  a),  (b,  b),  (c,  c),  (0,  a),  (0,  b),  (0,  c),
(a, b),  (a,  c),  (b,  c)}.
The covering relation and the figure of R  are given by:
≺=  {(0,  a),  (a,  b),  (b,  c)}.on to study special kinds of hyperideals in ordered semihy-
sci.2016.09.001
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As easily seen, {0}, {0, a}, {0, a, b}  and {0, a, b, c}
re hyperideals of R. It can be easily verified that {0}
nd {0, a, b, c}  are k-hyperideals of R. The hyperideal
0, a}  of R is a 2-prime hyperideal of R  but not prime.
ndeed:
{0, a, b}   {0, a, b}  = {0}  ⊆  {0, a}  but{0, a, b}   {0,
}.
Let (R, + , ·  , ≤) be an ordered semihyperring and A
 non-empty subset of R. Then the intersection of all
yperideals of R  containing A  is called the hyperideal of
 generated by A  and is denoted by 〈A〉. So, 〈A〉  = ∩ {I  |  I
s a  hyperideal  of  R and A  ⊆  I}. The intersection of all
-hyperideals of R  that contains A  is called k-closure and
enoted by A.
In Theorems 2.16, if our ordered semihyperring is a
emihyperring without order, we obtain Proposition 4.1
n [34].
heorem  2.16.  Let  I  be  a  hyperideal  of  an  ordered
emihyperring  (R, + , · , ≤).  Then
 =  {a  ∈  R  |  a +  J  ⊆  I, ∃J  ⊆  I,  0 ∈ J}
s  a  k-hyperideal  of  type  1  of R  such  that  I  ⊆  I.
roof. First, we show that I  is a hyperideal of R. Let
, b  ∈  I. Then, there exist J, K  ⊆  I such that a  + J  ⊆  I
nd b + K  ⊆  I. So, we have
a  +  b) +  (J  +  K) =  a +  J  +  b  +  K  ⊆  I  +  I  ⊆  I.
his implies that a  +  b  ⊆  I.
Now, let a  ∈  I  and r  ∈  R. Then, there exists J  ⊆  I
uch that a  + J ⊆  I. So, we have
 ·  a  +  r ·  J  =  r  · (a  +  J) ⊆  R  · I  ⊆  I.
ince r  ·  J ⊆  I, we obtain r  ·  a  ⊆  I. Similarly, we obtain
 · r  ⊆  I. Suppose that a  ∈ I and b  ≤  a, where b  ∈  R.
ince a ∈  I, there exists J ⊆  I  such that a  + J  ⊆  I. By
ypothesis, we have b  + x  ≤  a  + x  for each x ∈  J. So, for
ny u ∈  b  + x, u  ≤  v  for some v  ∈  a  +  x ⊆  a  +  J  ⊆  I.
ince I  is a hyperideal of R, it follows that u ∈  I. So, we
ave b  + x ⊆  I  for each x ∈  J. This means that b  + J ⊆  I.
hus we have b ∈  I.
Finally, we prove that I  is a k-hyperideal of type 1.
uppose that a  ∈  I  and a  +  r ⊆  I, where r  ∈  R. Then,
here exists J ⊆  I such that a + J ⊆  I. Since a  +  r  ⊆  I, we
ave x ∈  I  for all x  ∈  a  + r. So, for all x  ∈ a  + r, there
xists Jx ⊆  I  such that x + Jx ⊆  I. Thus we havePlease cite this article in press as: S. Omidi, B. Davvaz. Contributi
perrings, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtu
 +  r  +
⋃
x ∈ a+rJx ⊆
⋃
x ∈ a+r(x  +  Jx)
+
⋃
x ∈ a+rJx ⊆  I.ersity for Science xxx (2016) xxx–xxx 7
This implies that
a  +  r +
⋃
x ∈ a+rJx +  J  ⊆  I +  J  ⊆  I.
So, we have
a  + r  +  J  +
⋃
x ∈ a+rJx ⊆  I.
Since a  + J +
⋃
x ∈ a+rJx ⊆  I, it follows that r ∈  I.
Therefore, I is a k-hyperideal of type 1 of R. Since
a + I  ⊆  I  for all a ∈  I, we have I ⊆  I. This completes
the proof. 
As a consequence we obtain the following corollary.
Corollary 2.17.  Let  I  be  a  hyperideal  of  an  ordered
semihyperring  (R, + , ·  , ≤).  Then,  the  following  condi-
tions are  equivalent:
(1) I  is  a k-hyperideal  of  type  1.
(2) I =  I.
Proof.  (1) ⇒  (2): Assume that (1) holds. Let a be any
element of I. Then, there exists J ⊆  I  such that a  + J  ⊆  I.
Since I  is a k-hyperideal of type 1, we have a  ∈  I, and so
I  ⊆  I. Therefore, we have I =  I.
(2) ⇒  (1): It follows from Theorem 2.16. 
In Theorem 2.16, I is the smallest k-hyperideal of
type 1 containing I. We call I  the k-closure of type 1. Let
A and B  be two k-hyperideals of type 1 of R. If A  ⊆  B,
then A  ⊆  B. Indeed: Let a  ∈  A. Then, there exists J ⊆  A
such that a  + J ⊆  A. So, there exists J  ⊆  A  ⊆  B  such that
a + J  ⊆  A  ⊆ B. Hence a  ∈  B, and so A  ⊆ B.
Theorem  2.18.  Let  (R, + , ·  , ≤) be  a positive  ordered
semihyperring.  If  I  is  a  k-hyperideal  of  type  1  of  R,  then
I is  a  prime  hyperideal  of R  if  and  only  if  I is  a  2-prime
of type  1 hyperideal  of  R.
Proof. If I  is a prime hyperideal of R, then it is clear
that I  is a 2-prime of type 1 hyperideal of R.
Conversely, suppose that I is a 2-prime hyperideal of
type 1 of R. Let A, B  be any two hyperideals of R such
that A  · B ⊆  I. Then A ⊆  (I  : B)l. By Theorem 2.12, (I  : B)l
is a k-hyperideal of type 1 of R. So, we have A  ⊆  (I : B)l.
Hence, A  · B ⊆ I, and this implies that B  ⊆  (I  : A)r. By
Theorem 2.12, (I  : A)r is a k-hyperideal of type 1 of R.
Hence, B  ⊆  (I  : A)r, which means A  · B  ⊆  I. Since A,
B  are k-hyperideals of type 1 of R, we have A  ⊆  I or
B  ⊆ I. This shows that A  ⊆  I  or B ⊆ I. Therefore, I  is a
prime hyperideal of R. on to study special kinds of hyperideals in ordered semihy-
sci.2016.09.001
A subsemihyperring Q  is called a quasi-hyperideal
of R if: (1) (Q  ·  R) ∩  (R  · Q) ⊆  Q; (2) Q  = (Q]. A quasi-
hyperideal Q  is called a quasi  k-hyperideal  of  type  1 of
R if Q  =  Q.
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Example  8.  Let (R, ⊕  ,   , ≤) be the ordered semihy-
perring defined as in Example 4. It is easy to see that {0,
b} is a quasi k-hyperideal of type 1 of R.
A subsemihyperring A  is called a bi-hyperideal  of
R if: (1) A  · R  · A  ⊆  A; (2) A  = (A]. A bi-hyperideal A  is
called a k-bi-hyperideal  of  type  1 of R  if A  =  A. Note that
every left k-hyperideal of type 1 is a quasi k-hyperideal
of type 1 and each quasi k-hyperideal of type 1 is a k-bi-
hyperideal of type 1. Indeed: Let B  be a left k-hyperideal
of type 1 of R. Then (B  ·  R) ∩  (R  · B) ⊆  B  · R  ∩  B  ⊆  B.
If Q is a quasi k-hyperideal of type 1 of R, then
Q · R  · Q  ⊆  Q  ·  R  ∩  R  · Q  ⊆  Q.
Theorem  2.19.  Let  R  be  an  ordered  semihyperring  and
I, J be  subsemihyperrings  of  R  which  are  left  and  right
k-hyperideals of  type  1 of  R,  respectively.  Then  I  ∩  J  is  a
quasi k-hyperideal  of  type  1 of  R.
Proof. It is clear that I  ∩  J is a subsemihyperring of R.
Now it remains to show only that I  ∩  J  is also a quasi
k-hyperideal of type 1 of R. We have
(R  ·  (I  ∩  J)) ∩  ((I  ∩  J) ·  R) ⊆  R  ·  I  ∩  J  ·  R ⊆  I ∩  J
If a  ∈  I  ∩  J  and r  ∈  R  such that r  ≤  a, then by a ∈
I ∩  J we have r  ∈  I  ∩  J. This proves that I  ∩  J  is a quasi-
hyperideal of R. Since I  ∩  J ⊆  I, we have I  ∩ J  ⊆  I  ⊆  I.
In the similar way, we obtain I ∩  J  ⊆  J . So, we have
I  ∩  J ⊆  I  ∩  J . Hence I  ∩  J is a quasi k-hyperideal of
type 1 of R. 
3.  Properties  of  special  kinds  of  hyperideals
Section 3 is devoted for the study of (m, n)-
quasi-hyperideals, (m, n)-hyperideals and prime (m,
n)-bi-hyperideals in ordered semihyperrings. We begin
this section with the following definition.
Deﬁnition 3.1.  Let (R, + , · , ≤) be an ordered semi-
hyperring and Q  a subsemihyperring of R. Then Q is
called an (m, n)-quasi-hyperideal  of R  if the following
two conditions hold:
(1) (Rm · Q) ∩  (Q  · Rn) ⊆  Q;
(2) Q  = (Q].
An (m, n)-quasi-hyperideal of R  is a (k, l)-quasi-
hyperideal of R  for all k  ≥  m  and l  ≥  n too. The following
example shows that any (m, n)-quasi-hyperideal of aPlease cite this article in press as: S. Omidi, B. Davvaz. Contributi
perrings, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtu
semihyperring R  need not be a quasi-hyperideal of R.
Example 9.  We come back to Example 7 and consider
the semihyperring (R, ⊕  , ). We have (R, ⊕  ,   , ≤) is PRESS
ersity for Science xxx (2016) xxx–xxx
an ordered semihyperring where the order relation ≤  is
defined by:
≤:=  {(0,  0),  (a,  a),  (b,  b),  (c,  c)}.
Now, it is easy to see that Q  = {0, b}  is a subsemihyper-
ring of R. We have
(R    Q) ∩  (Q    R) =  {0,  a}   Q,
but
(R2   Q) ∩  (Q    R) =  {0}  ⊆ Q.
This implies that Q  is a (2, 1)-quasi-hyperideal but not a
quasi-hyperideal of R.
Deﬁnition  3.2.  Let (R, + , · , ≤) be an ordered semihy-
perring and A a subsemihyperring of R. Then A is called
an m-left  hyperideal  of R  if the following two conditions
hold:
(1) Rm · A ⊆  A where m  is any positive integer;
(2) A = (A].
Dually a n-right hyperideal is defined.
Theorem 3.3.  Suppose  R  be  an  ordered  semihyperring
and I, J be  any  two  subsemihyperring  of  R  which  are
m-left and  n-right  hyperideals  of  R,  respectively.  Then
I ∩  J  is  also  an  (m, n)-quasi-hyperideal  of  R.
Proof. It is clear that I  ∩  J  is a subsemihyperring of R.
Now it remains to show only that I  ∩ J  is also an (m,
n)-quasi-hyperideal of R. We have
(Rm · (I  ∩  J)) ∩  ((I  ∩  J) ·  Rn) ⊆  Rm · I ∩  J  · Rn ⊆  I  ∩  J
If x  ∈ I  ∩  J and y  ∈  R  such that y  ≤  x, then by x ∈  I ∩  J
we have y ∈  I  ∩  J. Therefore, I  ∩  J  is an (m, n)-quasi-
hyperideal of R. 
In the following, we introduce the notion of (m, n)-
hyperideals in ordered semihyperrings and provide some
related results.
Deﬁnition  3.4.  Let (R, + , · , ≤) be an ordered semihy-
perring. A non-empty subset A  of R  is said to be an (m,
n)-hyperideal of R  if it satisfies the following conditions:
(1) A + A  ⊆  A  and A  · A  ⊆  A;
(2) Am · R · An ⊆  A;
(3) A = (A].on to study special kinds of hyperideals in ordered semihy-
sci.2016.09.001
Here, m, n  are non-negative integers and A0R = R,
RA0 = R. Note that if m  = n  = 1, then A is called a bi-
hyperideal of R. A subsemihyperring A  of an ordered
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emihyperring (R, + , ·  , ≤) is called an (m, n)-bi-
yperideal  of R  if A  is both bi-hyperideal and (m,
)-hyperideal of R.
xample  10.  Let (R, ⊕  ,   , ≤) be the ordered semi-
yperring defined as in Example 3. It is easy to see that
0, a, b}  is a (m, n)-bi-hyperideal of R.
xample  11.  Let (R, ⊕  ,   , ≤) be the ordered semi-
yperring defined as in Example 7. It is easy to see that
0, a}  and {0, a, b}  are (m, n)-bi-hyperideals of R.
heorem 3.5.  Let  (R, + , · , ≤) be  an  ordered  semihy-
erring. Then,
1) If  Ak is  an  (m, n)-bi-hyperideal  of  R  for  all  k  ∈  ,
then
⋂
k ∈ Ak is  an  (m, n)-bi-hyperideal  of  R.
2) If  A  is  an  (m, n)-bi-hyperideal  of  R  and  T  is  a
subsemihyperring  of  R,  then  A  ∩  T is  an  (m, n)-bi-
hyperideal  of  T.
3) If  A  is  an  (m, 0)-hyperideal  and  also  (0, n)-
hyperideal  of  R,  then  A  is  an  (m, n)-bi-hyperideal
of R.
roof.  (1): Let {Ak |  k  ∈ }  be a family of (m, n)-bi-
yperideals of R  and A  =
⋂
k ∈ Ak. Since 0 ∈
⋂
k ∈ Ak,
e have
⋂
k ∈ Ak /=  ∅. It is easy to check that A  is a
ubsemihyperring of R. Now, let x  ∈  Am · R  · An. Then
 ∈  am1 ·  r  · an2 for some a1, a2 ∈  A  and r  ∈  R. Since
ach Ak is an (m, n)-bi-hyperideal of R, we have x  ∈
m
k ·  R  · Ank ⊆  Ak for all k ∈  . Thus x ∈  Ak for all
 ∈  . Hence x ∈ ⋂ k ∈ Ak = A. Since x was chosen
rbitrarily, we have Am · R  · An ⊆  A. If x ∈  A  and y  ∈  R
uch that y  ≤  x, then x ∈  Ak for all k ∈  . Since each Ak
s an (m, n)-bi-hyperideal of R, we have y ∈  Ak for all
 ∈  . Thus y ∈ ⋂ k ∈ Ak = A. Therefore, A  is an (m,
)-bi-hyperideal of R.
(2): Assume that A1 = A  ∩  T. We show that A1 is an (m,
)-bi-hyperideal of T. Clearly, A1 is a subsemihyperring
f R. Since A1 ⊆  A  and A  is an (m, n)-bi-hyperideal of
, we have Am1 · T  · An1 ⊆  Am · R  · An ⊆  A. Since A1 ⊆  T
nd T is a subsemihyperring of R, we have Am1 · T  · An1 ⊆
 . So we have checked that Am1 · T  · An1 ⊆  A1. If a  ∈  A1
nd b  ∈  T  such that b  ≤  a, then since a  ∈  A, we have
 ∈  A. So, b  ∈  A  ∩  T = A1. Therefore, A1 is an (m, n)-bi-
yperideal of T.
(3): We have to show that A  is an (m, n)-bi-hyperideal
m nPlease cite this article in press as: S. Omidi, B. Davvaz. Contributi
perrings, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtu
f R. Here, we need only to show that A · R  ·  A ⊆  A.
ince A  is an (m, 0)-hyperideal and also (0, n)-hyperideal
f R, we have Am ·  R  ·  An ⊆  A  · An ⊆  R  · An ⊆  A. There-
ore, A  is an (m, n)-bi-hyperideal of R.  PRESS
ersity for Science xxx (2016) xxx–xxx 9
In the following, we define prime (m, n)-bi-
hyperideals of ordered semihyperrings and discuss some
related properties.
Deﬁnition  3.6.  Let (R, + , ·  , ≤) be an ordered semi-
hyperring. An (m, n)-bi-hyperideal A of R  is called a
prime (m, n)-bi-hyperideal  if for x, y  ∈  R, xm ·  R ·  yn ⊆  A
implies x ∈  A or y  ∈ A.
Example  12.  Let (R, ⊕  ,  , ≤) be the ordered semi-
hyperring defined as in Example 3. It is easy to see that
{0, a, b}  is a prime (m, n)-bi-hyperideals of R.
Example 13.  Let (R, ⊕  ,   , ≤) be the ordered
semihyperring defined as in Example 7. Here, the (2, 1)-
bi-hyperideal {0, a, b}  is not a prime (2, 1)-bi-hyperideal
of R. Indeed, c2   R    c = {0}  ⊆  {0, a, b}, but c  /∈  {0, a,
b}.
Theorem 3.7.  Let  (R, + , ·  , ≤) be  an  ordered  semihy-
perring. Then,
(1) If  an  (m, n)-bi-hyperideal  A  of  R is  prime,  then  for
an (m, 0)-hyperideal  I  and  an  (0, n)-hyperideal  J  of
R, I  · J  ⊆  A  implies  I  ⊆  A  or  J  ⊆  A.
(2) If  an  (m, n)-bi-hyperideal  A  of  R  is  prime,  then  A is
an (m, 0)-hyperideal  or  an  (0, n)-hyperideal  of  R.
Proof. (1): Suppose that I  · J ⊆  A  for an (m, 0)-
hyperideal I  and an (0, n)-hyperideal J  of R and I  A.
Then, there exists x  ∈ I  such that x /∈  A. If y  ∈  J, then
xm · R  ·  yn ⊆  Im ·  R  · Jn ⊆  I  · J  ⊆  A. Since A  is a prime (m,
n)-bi-hyperideal of R  and x  /∈  A, we have y ∈ A. There-
fore, we have J ⊆ A.
(2): It is easy to see that Am · R  is an (m, 0)-
hyperideal of R  and R  ·  An an (0, n)-hyperideal of R
such that (Am · R) · (R  · An) ⊆  Am · R  · An ⊆  A. By (1), we
have Am ·  R ⊆  A or R  ·  An ⊆  A. Therefore, A  is an (m,
0)-hyperideal or an (0, n)-hyperideal of R. 
Deﬁnition  3.8.  An (m, n)-bi-hyperideal A  of an ordered
semihyperring (R, + , · , ≤) is called an irreducible  (m, n)-
bi-hyperideal if for any (m, n)-bi-hyperideals I  and J  of R,
I ∩  J  = A  implies I  = A  or J = A. The (m, n)-bi-hyperideal
A is strongly  irreducible  if for (m, n)-bi-hyperideals I  and
J of R, I  ∩  J ⊆  A  implies I ⊆  A  or J ⊆  A.
We continue this section with the following theorem.on to study special kinds of hyperideals in ordered semihy-
sci.2016.09.001
Theorem 3.9.  Let  A  be  an  (m, n)-bi-hyperideal  of  an
ordered semihyperring  (R, + , ·  , ≤) and  a  ∈  R such
that a  /∈  A.  Then,  there  exists  an  irreducible  (m, n)-bi-
hyperideal I of  R such  that  A  ⊆  I  and  a /∈  I.
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Proof.  Let ξ  = {I  |  I  is an (m, n)-bi-hyperideal of R,
A ⊆  I, a  /∈  I}. Since A  ∈  ξ, it follows that ξ  /=  ∅. Also ξ is
an ordered set under the usual inclusion. Let {Iλ | λ  ∈  }
be a chain in ξ. Consider B  =
⋃
λ ∈ Iλ. We show that B  is
an (m, n)-bi-hyperideal of R  and A  ⊆  B. If x, y  ∈  B, then
x ∈  Ii and y ∈  Ij for some i, j  ∈ . Since {Iλ |  λ  ∈  }
be a totally ordered set, it follows that Ii ⊆  Ij or Ij ⊆  Ii.
If, say, Ii ⊆  Ij, then both x, y  are inside Ij, so we have
x + y  ⊆  Ij ⊆  B. This implies that x  + y ⊆  B. If, say, Ij ⊆  Ii,
then both x, y are inside Ii, so we have x  + y ⊆  Ii ⊆  B. This
implies that x + y  ⊆  B. Now, let x, y ∈  B, then x ∈  Ii and
y ∈  Ij for some i, j ∈  . Since Ii ⊆  Ij or Ij ⊆  Ii, we have
x, y ∈  Ii or x, y ∈  Ij. Thus x · y  ⊆  Ii ⊆  B  or x · y  ⊆  Ij ⊆  B.
This implies that B  ·  B  ⊆  B. Therefore, B  is a subsemihy-
perring of R. Let x, y  ∈  B  and r  ∈  R. Then, x ∈  Ir and
y ∈  Is for some r, s  ∈ . Without any loss of general-
ity we assume that x, y  ∈  Is. Hence xm ·  r  · yn ⊆  Is ⊆  B.
So, we have Bm · R  · Bn ⊆  B. If x ∈  B  and y ∈ R  such
that y  ≤  x, then x ∈  Ik for some k  ∈  . So, we have y  ∈
Ik ⊆  B. This implies that y ∈  B. Therefore, B  =
⋃
λ ∈ Iλ
is an (m, n)-bi-hyperideal of R. Since each Iλ ∈ ξ con-
tains A  and a /∈  Iλ, we have A  ⊆
⋃
λ ∈ Iλ = B  and a  /∈  B.
Hence B  ∈  ξ  is an upper bound for chain {Iλ | λ  ∈  }.
So, by Zorn’s Lemma, there exists a maximal (m, n)-bi-
hyperideal, say M, in ξ. We show that M  is an irreducible
(m, n)-bi-hyperideal of R. Let A1 and A2 be any two (m,
n)-bi-hyperideals of R  such that A1 ∩  A2 = M. Suppose
that M   A1 and M   A2. By the maximality of M  in ξ,
we get a ∈  A1 and a ∈  A2. So, a  ∈  A1 ∩  A2 = M, a con-
tradiction. Thus A1 = M  or A2 = M. This shows that M  is
an irreducible (m, n)-bi-hyperideal of R. 
Corollary  3.10.  An  (m, n)-bi-hyperideal  A  of  an
ordered semihyperring  (R, + , · , ≤) is  the  intersection
of all  irreducible  (m, n)-bi-hyperideals  of  R  containing
A.
Proof. Let A  be an (m, n)-bi-hyperideal of R. Let
 = {Ik | k  ∈  }  be the set of all irreducible (m, n)-bi-
hyperideals of R  containing A. Clearly, A  ⊆⋂ k ∈ Ik.
Suppose that B  =
⋂
k ∈ Ik. Let a  /∈  A. Then by Theorem
3.9, there exists an irreducible (m, n)-bi-hyperideal C  of
R such that A  ⊆  C  and a /∈  C. Hence C  ∈    and so a  /∈  B.
Thus we have B  =
⋂
k ∈ Ik ⊆  A. Therefore, A  =
⋂
k ∈ Ik.

Theorem 3.11.  Let  (R, + , · , ≤) be  an  ordered  semihy-
perring. Then,  the  following  assertions  are  equivalent:Please cite this article in press as: S. Omidi, B. Davvaz. Contributi
perrings, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtu
(1) Every  (m, n)-bi-hyperideal  of  R  is  strongly
irreducible.
(2) Every  (m, n)-bi-hyperideal  of  R  is  irreducible. PRESS
ersity for Science xxx (2016) xxx–xxx
(3) The  set  of  (m, n)-bi-hyperideals  of  R  is totally
ordered  under  inclusion.
Proof.  (1) ⇒  (2): Assume that (1) holds. Let I  and J
be any two (m, n)-bi-hyperideals of R. Let A be an arbi-
trary (m, n)-bi-hyperideal of R  such that I  ∩  J = A. Then
we have A ⊆  I  and A ⊆  J. By hypothesis, I  ⊆  A  or J ⊆  A.
So, I  = A  or J  = A. Hence, A is an irreducible (m, n)-bi-
hyperideal of R.
(2) ⇒  (3): Let I  and J be any two (m, n)-bi-hyperideals
of R. Then I  ∩  J  is an (m, n)-bi-hyperideal of R. Since
by (2) every (m, n)-bi-hyperideal of R  is irreducible, it
follows that I  ∩  J is an irreducible (m, n)-bi-hyperideal
of R. Since I  ∩  J︸ ︷︷ ︸
irreducible
=  I ∩  J , it follows that I  ∩  J  = I  or
I ∩  J  = J, that is, I  ⊆  J  or J ⊆  I.
(3) ⇒  (1): Assume that (3) holds. Let A  be an arbitrary
(m, n)-bi-hyperideal of R. Let I  and J be any two (m, n)-
bi-hyperideals of R  such that I  ∩  J  ⊆  A. By hypothesis,
I ⊆  J or J ⊆  I. Hence I  ∩  J = I  or I  ∩  J  = J. Thus I  ∩  J ⊆  A
implies I  ⊆ A or J ⊆  A. This means that A  is a strongly
irreducible (m, n)-bi-hyperideal of R. 
Deﬁnition  3.12.  Let (R, + , · , ≤) be an ordered semihy-
perring. A non-zero (m, n)-bi-hyperideal A of R  is called
a minimal  (m, n)-bi-hyperideal  of R  if there is no non-
zero (m, n)-bi-hyperideal B  of R such that B  ⊂  A. An (m,
n)-bi-hyperideal A of R is said to be maximal  if for any
proper (m, n)-bi-hyperideal B  of R, A  ⊆  B implies that
A = B.
Theorem  3.13.  Let  (R, + , ·  , ≤) be  an  ordered  semihy-
perring. If  m, n  are  non-negative  integers  such  that  m,
n ≥  1 and  A is  a  minimal  (m, n)-hyperideal  of  R  such  that
(A2] /=  {0},  then  A  is  a  minimal  bi-hyperideal  of  R.
Proof. By hypothesis, {0}   (A2] ⊆  (A] = A. Since
(A2] is an (m, n)-hyperideal of R and A  is a minimal
(m, n)-hyperideal of R, we have (A2] = A. Thus we have
A · R ·  A = (A2] · R  · (A2] ⊆  (A2] ·  (R] ·  (A2] ⊆  (A2 ·  R ·  A2]
⊆ A. Obviously, other properties of a bi-hyperideal hold
for A, since A is an (m, n)-hyperideal of R. Now, let B
be a bi-hyperideal of R  and {0}  ⊂  B  ⊆  A. Since B  is a
bi-hyperideal of R, B is an (m, n)-hyperideal of R. By
hypothesis, we have B = A. Therefore, A  is a minimal
bi-hyperideal of R. 
The following two theorems give some character-
izations of maximal (m, n)-bi-hyperideals in orderedon to study special kinds of hyperideals in ordered semihy-
sci.2016.09.001
semihyperrings.
Theorem 3.14.  Let  A  be  a  proper  (m, n)-bi-hyperideal
of an  ordered  semihyperring  (R, + , · , ≤).  Then,  there
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xists  a single  maximal  (m, n)-bi-hyperideal  containing
ll proper  A’s.
roof.  Let   = {I  | I is a proper (m, n)-bi-hyperideal of
 and A  ⊆  I}. Since A ∈ , it follows that   /=  ∅. Also
 is an ordered set by inclusion. Let {Ik |  k ∈  }  be a
otally ordered subset in . Consider B  =
⋃
k ∈ Ik. By
he proof of Theorem 3.9, B  is in . Hence, by Zorn’s
emma, there exists a maximal (m, n)-bi-hyperideal, say
, in . Now, let K  be a proper (m, n)-bi-hyperideal of
 containing M. Then, K  contains A  and so it belongs
o . Since M  is maximal in , it follows that K  = M.
herefore, M  is a maximal (m, n)-bi-hyperideal of R. 
xample 14.  Let (R, ⊕  ,   , ≤) be the ordered semi-
yperring defined as in Example 7. The only proper
m, n)-bi-hyperideals of R  are A1 = {0}, A2 = {0, a}  and
3 = {0, a, b}. Here, A3 is a maximal (m, n)-bi-hyperideal
f R  and A1, A2 ⊆  A3.
heorem  3.15.  Let  (R, + , ·  , ≤) ba  an  ordered  semi-
yperring.  If  the  set  of  (m, n)-bi-hyperideals  of  R  is
otally ordered  under  inclusion,  then  any  maximal  (m,
)-bi-hyperideal  of  R  is  strongly  irreducible.
roof.  If the set of (m, n)-bi-hyperideals of R  is totally
rdered under inclusion, then there is exactly one maxi-
al (m, n)-bi-hyperideal M  of R. Let C  and D  be two (m,
)-bi-hyperideals of R  such that C  ∩ D  ⊆  M. By hypoth-
sis, we have
C ⊆  D  or D ⊆  C  ⇒  C  ∩  D  = C  or C  ∩  D  = D  ⇒  C  ⊆  M
r D  ⊆  M.
This completes the proof. 
xample 15.  Let (R, + , ·  , ≤) be the ordered semi-
yperring defined as in Example 3. It is not difficult to
erify that {0, a, b}  is a strongly irreducible (m, n)-bi-
yperideal of R.
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